Abstract. Using methods of combinatorial group theory, we give an elementary construction of polyhedra whose links are (not necessarily isomorphic) connected bipartite graphs. In particular, we construct polyhedra whose links are generalized m-gons. Polyhedra of this type are interesting because their universal coverings are two-dimensional hyperbolic buildings with different links. We show that the fundamental groups of some of our polyhedra contain surface groups. The presentation of the results is given in the language of combinatorial group theory.
Introduction
A polyhedron is a two-dimensional complex which is obtained from several oriented p-gons with words on their boundary by identifying sides with the same letters, respecting orientation. In the present paper we consider Euclidean and hyperbolic polyhedra: in these polyhedra, every polygon is equipped with a Euclidean (correspondingly, hyperbolic) metric such that all sides of the polygons are geodesics; the metrics on polygons agree on common sides, and this allows us to introduce a metric on the polyhedron as a whole.
Take a point of the polyhedron and draw a sphere of small radius centred at this vertex. The intersection of the sphere with the polyhedron is a graph, which is called the link at this vertex.
We shall consider polyhedra with the property that all links of all vertices are connected bipartite graphs. We recall (see [14] ) that a generalized m-gon is a connected bipartite graph of diameter m and girth 2m, in which each vertex lies on at least two edges. Here, the girth of a graph is the length of a smallest circuit.
With these simple definitions in place, we can now state the main results of the paper.
Construction of polyhedra with given links. We recall that a graph is bipartite if its set of vertices can be partitioned into two disjoint subsets such that no two vertices in the same subset lie on a common edge. We call the vertices of one subset black and those of the other white. We say that sets G 1 ; G 2 ; . . . ; G k of connected bipartite graphs are compatible if all graphs of all the sets have the same number n of white vertices and there are bijections between the sets of white vertices for G 1 , G j , for j ¼ 2; . . . ; k, preserving the degrees of vertices.
The main result of the paper is proven in Section 2.
Theorem 1. Let G 1 ; G 2 ; . . . ; G k be compatible sets of connected bipartite graphs and k d 1. Then there exists a family of finite polyhedra with 2k-gonal faces and links at vertices isomorphic to the graphs from G 1 ; G 2 ; . . . ; G k .
We turn now to various properties of the polyhedra constructed in Theorem 1.
Flat planes in the universal covers. In Section 3 we study universal covers and fundamental groups of certain polyhedra. We say that a polyhedron P is an ðm; nÞ-polyhedron if the girth of any link of P is at least m and each face of P is a polygon with at least n edges.
All ðm; nÞ-polyhedra considered in the present paper have parameters m, n satisfying the inequality mn d 2ðm þ nÞ. This inequality arises, for example, in small cancellation theory; see [13] . The minimal cases in which equality holds are ð6; 3Þ, ð4; 4Þ, ð3; 6Þ.
The universal cover of a polyhedron has a natural metric (see [1, p. 165] ); with respect to this metric it is a complete metric space of non-positive curvature in the sense of Alexandrov and Busemann [11] .
Let X be the universal cover of an ðm; nÞ-polyhedron P. Then, by a result of Gromov [12, p. 119] , the fundamental group G of P is hyperbolic if and only if X does not contain a flat Euclidean plane. It is natural to ask whether G must contain Z l Z if X contains a flat plane. Notice, however, that there are examples where Z l Z is present in the fundamental group but does not act on this flat plane. This question is a particular case of the following more general problem considered by Ballmann and Brin [1, p. 166] for polygonal ðm; nÞ-complexes:
Let X be a simply connected ðm; nÞ-complex with ðm; nÞ satisfying mn d 2ðm þ nÞ. Let G be a group of automorphisms of X such that X =G is compact and the isotropy group of a vertex in X is finite. Is it true that if X contains a flat plane then X =G contains an immersed torus?
Ballmann and Brin answered their question positively for all ð3; 6Þ-complexes in [1] and for Euclidean buildings of type ð6; 3Þ in [2] .
In Section 3 we show that if the universal cover of one of the polyhedra constructed in Theorem 1 contains a flat plane, then its fundamental group contains a subgroup
Hyperbolic buildings. In Section 4 we apply the construction from Section 2 to prove the existence of periodic planes in hyperbolic buildings arising as the universal covers of certain hyperbolic polyhedra.
Let Pð p; mÞ be a tessellation of the hyperbolic plane by regular polygons with p sides, with angle p=m at each vertex (where m is an integer). A hyperbolic building is a polygonal complex X which can be expressed as the union of subcomplexes (called apartments) which satisfy the following conditions.
(1) Every apartment is isomorphic to Pð p; mÞ.
(2) For any two polygons of X there is an apartment containing both of them.
(3) For any two apartments A 1 ; A 2 A X containing the same polygon, there exists an isomorphism
Universal covers of polyhedra provide an interesting class of examples of hyperbolic buildings. Let C p be a polyhedron whose faces are p-gons and whose links are generalized m-gons with mp > 2m þ p. We equip every face of C p with the hyperbolic metric such that all sides of the polygons are geodesics and all angles are p=m. Then the universal covering of the polyhedron is a hyperbolic building; see [9] . This construction specializes to Euclidean buildings when p ¼ 3, m ¼ 3, i.e. when C p is a simplex. In this case we can give a Euclidean metric to every face. In this metric all sides of the triangles are geodesics. The universal covers of polyhedra with a Euclidean metric are Euclidean buildings; see [2] , [3] . The metric characterization of Euclidean buildings can be found in [10] .
Polygonal presentation
Let G be a connected bipartite graph on q þ r vertices, with q black vertices and r white ones. Let A ¼ fx 1 ; x 2 ; . . . ; x q g and B ¼ fy 1 ; y 2 ; . . . ; y r g be two alphabets on q and r letters respectively. We label every black vertex with an element from A and every white vertex with an element from B.
We can define an incidence tableau of such a graph in the following way. The first element of each line is a white vertex and all other elements are black vertices incident to this white vertex. Di¤erent lines correspond to di¤erent white vertices. For example, for the smallest complete bipartite graph (generalized 2-gon) with four vertices, with black vertices x 1 , x 2 and white vertices y 1 , y 2 , the incidence matrix will be
A graph G 0 is called dual to G if it is obtained from G by changing the colour of each vertex. Of course, G and G 0 are isomorphic as ordinary graphs. Suppose that we have n disjoint connected bipartite graphs G 1 ; G 2 ; . . . G n . Let P i and Q i be the sets of black and white vertices respectively in G i for i ¼ 1; . . . ; n. Set P ¼ 6 P i , Q ¼ 6 Q i and P i V P j ¼ q, and let l be a bijection l : P ! Q.
A set K of k-tuples ðx 1 ; x 2 ; . . . ; x k Þ, of elements of P, will be called a polygonal presentation over P compatible with l if the following conditions hold:
(1) K is closed under cyclic shifts: if
(2) Two vertices x 1 ; x 2 A P are consecutive vertices in some tuple ðx 1 ; x 2 ; x 3 ; . . . ; x k Þ A K if and only if x 2 and lðx 1 Þ are incident in some G i .
(3) Given x 1 ; x 2 A P, then ðx 1 ; x 2 ; x 3 ; . . . ; x k Þ A K for at most one x 3 A P.
If there exists such a set K, we will call l a basic bijection.
We note that Cartwright et al. [6] listed the polygonal presentations for n ¼ 1, k ¼ 3 (triangle representations) with the additional property that the graph G 1 is the incidence graph of the finite projective plane of order 2 or 3. Polygonal presentations for k > 3 were considered in [15] .
Construction of polyhedra
Given a polygonal presentation K, we can construct a polyhedron K on n vertices as follows: we interpret every cyclic k-tuple ðx 1 ; x 2 ; x 3 ; . . . ; x k Þ A K as an oriented kgon, with the word x 1 x 2 x 3 . . . x k written on its boundary, and then identify the corresponding sides of our polygons, respecting the orientation. We will say that the polyhedron K corresponds to the polygonal presentation K. It can be shown [15] that K has graphs G 1 ; . . . ; G n as its links. If s i , t i are the number of vertices and edges of G i for each i, then K has n vertices (that is, the number of vertices of K is equal to the number of graphs), k P n i¼1 s i edges and P n i¼1 t i faces, all faces being polygons with k sides.
Proof of Theorem 1. We already know that, in order to construct a polyhedron with given links, it is su‰cient to construct a corresponding polygonal presentation.
By the definition of a compatible set of bipartite graphs, there are bijections a j , for j ¼ 2; . . . ; k, from the set of white vertices of G 1 to the set of white vertices G j preserving the degrees of white vertices.
For i ¼ 1; . . . ; k we label the white vertices of G i by the letters of an alphabet A i ¼ fx We can now choose bijections b j for j ¼ 2; . . . ; k from the set of edges of G 1 to the set of edges of G j so that they preserve each a j . Let b j ðx for m ¼ 1; . . . ; n, l t ¼ 1; . . . ; r, t ¼ 1; . . . ; k, in the set P. We claim that P is a polygonal presentation.
For i ¼ 1; . . . ; k consider the family H i of graphs dual to the graphs in G i . We label black vertices of H i by letters from the alphabet A i ¼ fx We define a bijection l from the set P of all black vertices of graphs from G j and H j for j ¼ 1; . . . ; k to the set Q of white vertices by the rules lðx 
Þ:
In the first case we see that lðx This completes the proof of Theorem 1. r
We denote any polyhedron of the type constructed in the proof of Theorem 1 by M k . The notation emphasizes the role of the parameter k: faces of M k are 2k-gons.
3 Subgroups Z l Z in the fundamental group of M 2
The faces of a polyhedron M 2 are squares. In this section we assume that each face is equipped with a Euclidean metric, so that all sides of the squares are geodesics and all angles are p=2.
We have already noted that the universal cover U of a polyhedron M 2 is also equipped with a (locally) Euclidean metric. We now introduce one of the principal concepts of this paper: we call a plane in the universal cover of M 2 periodic if it is stabilized by a Z l Z subgroup of the fundamental group of M 2 .
Theorem 2. If the universal cover U of a polyhedron M 2 contains a flat plane F, then U contains a periodic plane. In particular, the fundamental group pðM 2 Þ of M 2 contains a subgroup isomorphic to Z l Z.
Proof. All words of the polygonal presentation for M 2 have the form x i y j u i v l . Therefore the flat plane F contains lines made of segments labelled only by x's (called x-lines), lines labelled only by y's, etc. Let us consider an infinite strip S consisting of an x-line L and all squares having an edge on L (see Fig. 1 ). Let v be an internal vertex of S with edges x 1 , x 2 entering v and edges y 1 , y 2 leaving v. Because of the finiteness of the polyhedron, there are only a finite number of distinct x's and y's. Therefore our infinite strip S has another internal vertex w with edges labelled x 1 and x 2 entering w and edges y 1 , y 2 leaving w. Let s be the distance between v and w (the distance between two vertices on L is the number of x-edges between them). Now consider the rectangle R which consists of the segment of L enclosed by v and w and all squares having edges on this segment (see Fig. 1 ). Consider the x-word W 0 ¼ x 2 x 3 . . . x 1 of length s written on the segment from v to w. Take the word W obtained from W 0 by replacing x by u. Then we can read on the boundary of R a word y
1 y 2 W . Now we construct in U a plane F 0 in U tesselated by R. Such a plane and tesselation exist because the sum of all angles at any vertex of it is equal to 2p (indeed the degree of every vertex is 4 and each angle is p=2). The subgroup of pðM 2 Þ generated by the elements a ¼ y 
Periodic planes in hyperbolic buildings
In this section we consider a polyhedron whose faces are 2k-gons and whose links are generalized m-gons with km > m þ k. We equip every face of the polyhedron with a hyperbolic metric such that all sides of the polygons are geodesics (of equal length) and all angles are p=m. Then the universal cover of the polyhedron is a hyperbolic buildings; see [9] .
In the hyperbolic case the notion of periodicity is more complicated than in the Euclidean case, and, instead of Z l Z, we encounter actions of surface groups of genus g d 2; we say that a tesselated plane is periodic if there exists a surface group of genus g d 1 which acts on it uniformly.
In this section we will prove (see Theorem 3 below) that this is true for right-angled hyperbolic buildings. A right-angled building (or Bourdon building) is a hyperbolic building whose apartments are hyperbolic planes tesselated by polygons with angles p=2 and links at all vertices are complete bipartite graphs. When treated as elements of the free group G generated by a 1 ; a 2 ; . . . , oriented Wicks forms belong to the commutator subgroup. We define the algebraic genus g a ðwÞ of a Wicks form w to be the least positive integer g a such that w is a product of g a commutators in G.
The topological genus g t ðwÞ of an oriented Wicks form
is defined to be the topological genus of the oriented compact connected surface obtained by labelling and orienting the edges of a 2e-gon according to w and by identifying the edges in the obvious way. It is known that the algebraic and the topological genus of an oriented Wicks form coincide (cf. [7] , [8] ); this allows us to simplify notation and to talk about the genus gðwÞ of an oriented Wicks form w.
Consider the oriented compact surface S associated with an oriented Wicks form w ¼ w 1 . . . w 2e . This surface carries an immersed graph G H S such that SnG is an open polygon with 2e sides (and hence connected and simply connected). Moreover, conditions (ii) and (iii) on Wicks forms imply that G contains no vertices of degree 1 or 2 (or, equivalently, that the dual graph of G H S contains no faces which are 1-gons or 2-gons). This construction works also in the opposite direction: given a graph G H S with e edges on an oriented compact connected surface S of genus g such that SnG is connected and simply connected, we get an oriented Wicks form of genus g and length 2e by labelling and orienting the edges of G and by cutting S open along the graph G. The associated oriented Wicks form is defined as the word which appears in this way on the boundary of the resulting polygon with 2e sides. We identify henceforth oriented Wicks forms with the associated immersed graphs G H S, speaking of vertices and edges of oriented Wicks forms.
The formula for the Euler characteristic
(where v and e are the number of vertices and the number of edges in G H S) shows that an oriented Wicks form of genus g has length at least 4g (in the case of equality, the associated graph has a unique vertex of degree 4g and 2g edges), and at most 6ð2g À 1Þ (when the associated graph has 2ð2g À 1Þ vertices of degree 3 and 3ð2g À 1Þ edges).
We say that the word W is obtained from a word U by a non-cancelling substitution F, if, whenever y i y j is a subword of U and Fð y i Þ and Fðy j Þ are substituted for y i and y j , there is no cancellation between the words Fð y i Þ and Fð y j Þ.
Obviously we can obtain a surface of genus g by identifying sides (with the same labels and the same orientation) from a disc with the word U on its boundary if and only if U is obtained from a Wicks form of genus g by a non-cancelling substitution.
Theorem 3. If I 2k , k d 3 is a right-angled hyperbolic building whose apartments are hyperbolic planes tesselated by polygons with 2k sides, then I 2k contains a periodic plane having the action of a surface group of genus g ¼ 2k À 4.
Proof. Since a right-angled hyperbolic building with given local data is unique (cf. [4] , [5] ), then it can be obtained as a universal covering of a polyhedron, as in [15] . This is a special case of the construction of Section 1, with every set of graphs consisting of the same complete bipartite graph G. Consider any apartment in I 2k . It is a hyperbolic plane tesselated by regular right-angled polygons with 2k sides, with all vertices of the tesselation of degree 4. Consider a vertex v such that edges x 
The graph of U is shown in Fig. 3 . We can tesselate the hyperbolic plane by the region D according to the word W , since W is quadratic and the sum of all angles at every vertex of the tesselation is 2p.
The graph of U has 4k À 6 edges and three vertices. The formula for the Euler characteristic gives 3 À ð4k À 6Þ þ 1 ¼ 2 À 2g, where g is the genus of U. Therefore g ¼ 2k À 4. The genus of the word U and therefore of W is 2k À 4 and the hyperbolic plane tesselated by D is a periodic plane under the action of a surface group of genus g ¼ 2k À 4.
This completes the proof of Theorem 3. r Groups, periodic planes and hyperbolic buildings
